
VOL. 25, NO. 9 J. AIRCRAFT SEPTEMBER 1988

Circular Cylinder Response to Karman Vortex Shedding

L. E. Ericsson*
Lockheed Missiles & Space Company, Sunnyvale, California

A new method for computation of the response of structural members of circular cross section to Karman vortex
shedding is presented. In contrast to existing methods, which are based solely on mathematical concepts with tittle
regard to the existing fluid dynamics, the present method is based on realistic unsteady flow concepts previously
applied to the analysis of dynamic airfoil stall. The method is shown to give predictions that are in excellent
agreement with experimental results.

Nomenclature
D = cylinder diameter
/ = frequency of oscillating body
f0 = natural frequency of oscillating body
fp = frequency of pressure oscillation
fv = frequency of Karman vortex shedding
fvQ —fv for stationary flow conditions
/ = sectional lift: coefficient ct = //(/>«># «/2)
p = static pressure: coefficient Cp = (p — p^)/(p^ U^/2)
Re = Reynolds number, = U^D/v^
S = Strouhal number, =/D/t/00
t = time
U = horizontal velocity
Uc — convection velocity
C/j C/oo — unsteady velocity amplitude
5o^«> = time-average velocity
V = reduced velocity, =S~l

z = translatory coordinate
(5 * = boundary-layer displacement thickness
A = increment and single amplitude
e = small quantity
Co = mechanical damping, fraction or critical
9 = boundary-layer momentum thickness
KW = wall velocity ratio, =(\Uw\/Ue)/(\z\/U00)
v = kinematic viscosity
p = fluid density
(p — phase angle
cp = peripheral angular cordinate, = 0

at the stagnation point
a>9a> — oscillation frequency; co = 2nf, at = coD/U^ = 2nS
Subscripts
B = base
e = edge of boundary layer
lim = limit cycle amplitude
m = maximum amplitude
max = maximum
s = flow separation
w = wall
1,2 = numbering subscripts
oo = undisturbed flow
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Superscripts
( ) = integrated mean value, e.g., Ue in Eq. (14)
( )' = fluctuating quantity, e.g., p'
Derivative Symbols

Introduction

BEAMS with circular cross sections commonly are used in
structures exposed to winds and sea currents. Despite the

obvious fact that the fluid mechanics must play a dominant
role, most existing methods for computation of the lateral
cylinder response to Karman vortex shedding are based
solely on mathematical concepts with little regard to the fluid
dynamics.

In the present paper, the detailed measurements by Furgu-
son1 and Furguson and Parkinson2 are used, together with
unsteady flow concepts developed for dynamic stall analysis,3
to formulate a realistic mathematical model that can simulate
the fluid dynamic processes determining the lateral response of
a circular cylinder to Karman vortex shedding. The detailed
analysis is made only for subcritical flow conditions. However,
a similar analysis can be made for higher Reynolds numbers.
The simulation problems one encounters when using subscale
test results are discussed briefly.

Analysis
The detailed investigation by Furguson1 illustrates the

salient features of the cylinder response at subcritical flow con-
ditions. Figure 1 shows that the cylinder response at resonance,
C/oo « 11.5 fps, is only a fraction of the maximum response at
C/oo « 13?5 fps. Figure 2 shows that the response below the
resonant wind velocity, at U^ — 10.75 fps, is of the forced os-
cillation type expected at near-resonant conditions, whereas
the response at higher velocity, [7^ = 12.4 fps, shows the
buildup to a limit cycle amplitude, which is characteristic of an
oscillatory system subject to nonlinear negative damping.4 The
latter type of response is the one occurring when the amplitude
exceeds a threshold value and vortex lock-on occurs.5'6

Equation of Motion
For a rigid cylinder describing crossflow oscillations, the

equation of motion is simply

m[z + 2C0co0z + o>2 z] = -Deft) (1)

The fluid dynamic lift coefficient eft) can be written as fol-
lows using standard linearized formulations:

z'D z
=Cl,——r+ % ———— + Cy(t) (2)
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where ctj(f) is the forcing function, generated by the Karman
vortex shedding in the present case.

With pB being the effective mean density of the circular cylin-
der, one can combine Eqs. (1) and (2) to obtain the following
formulation:

(3a)

where

= [Co

Forced Response
For the forced response near resonance, the following condi-

tions exist:

2 p/pB- - ——— • —
n 1 +P/PB

(3b)

The steady-state response amplitude defined by Eqs. (3a)
and (3b) is

(4)

which is maximized at resonance, where co J = cov0
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Fig. 1 Response of a circular cylinder to Karman vortex shedding.1

Cylinder Oscillation
a. Wind Speed 10.57 FPS

2coJ coy0C* (5)

Using the definitions in Eqs. (3a) and (3b), together with the
fact that co0= 2^0, Eq. (5) gives

Ac//
(6)

where

Ac,/is the amplitude of the forcing function generated by the
Karman vortex shedding on a stationary, nonoscillating cylin-
der. Figure 3 shows that, for the stationary cylinder, the oscil-
latory pressure amplitude measured was

0.1-<(ACJJBO<0.2 (7)

It can be seen from Fig. 4 that the fluctuating pressure ampli-
tude dies out fast outside the region 60 deg < (p < 150 deg. As
the lift-generating pressure component decreases even faster,
one would estimate that the contribution to the lift amplitude
is

0.05 <(Aclf\< (8)

provided that the fluctuating pressures on that side are in
phase—which they are1 (Fig. 5). Figure 6 shows that the pres-
sures on the opposite side of the cylinder are of exactly the
opposite phase. Thus, the following value of Aclf =

is indicated by the experimental results.1

Cylinder Amplitude Signal

b. Wind Speed 12.4 FPS

Fig. 2 Response amplitude characteristics below and above resonance.1
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0.1<Ac//<0.2 (9) Fig. 3 Fluctuating pressure measurements.1
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Fig. 4 Circumferential pressure distribution.1

a.Time Base 1 sec/div

b.Time Base 0̂ ms/div

Fig. 5 Adjacent fluctuating pressures.1

For Furguson's test at subcritical conditions1 (Fig. 1),
cd&l.2 and Co ~ 0.0012. For the cylinder itself, p/pB = 0.0156.
However, including the oscillating additional mass gives
p/pB = 0.0085. With those values, Eqs. (6) and (9) give

That is, 0.045 < (Az/D)res < 0.090, which is in rather good
agreement with the measured resonant response1 (Fig. 1).
Coupled Response

When the threshold amplitude is exceeded and vortex lock-
on occurs, the response is a result of the coupling between body
motion and Karman vortex shedding. Whereas the self-excited

150°

a. Tine Base 1 sec/div

-150W

150°

-150°

b.Time Base 50 ms/div

Fig. 6 Fluctuating pressures on opposite sides.1

Fig. 7 Moving wall-wall jet analogy.12

response, observed for galloping cables,7 for example, is as a
rule occurring without such coupling effects (see Ref. 8 for
exceptions), in the case of the maximum cylinder response in
Fig. 1, there is a strong coupling between the unsteady Karman
vortex shedding and the body motion.9 The flow concept used
in Ref. 9 is similar to the "oscillatory Magnus" effect suggested
by others,10'11 although the interpretation is different. The
boundary condition at the wall, the so-called "moving wall'
effect, and associated change of the flow separation is consid-
ered to be the dominant flow phenomenon,9 not any motion-
induced momentum transfer to the inviscid ambient fluid,
resulting in a change of the circulation, as has been suggested
by others.10'11

There is a good deal of similarity between the moving wall
effect on dynamic stall3-12 (Fig. 7) and the effect on a rotating13

or translating1 circular cylinder, as pointed out in Refs. 6, 9,
and 14 (see Fig. 8). The open vector denotes the lift; the solid
vector, the translatory velocity (z). When the cylinder oscillates
slower than the Karman vortex shedding frequency, the flow
separation delay due to the moving wall effect causes negative
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aerodynamic damping and will drive the oscillation, just as in
the case of the pitching airfoil (Fig. 7).

For the rotating cylinder, the moving wall velocity (Uw) is
constant around the circumference. It rotates the mean or time-
average orientation of the flow separation, thereby producing a
Magnus lift. The unsteady Karman vortex shedding is present
for UJU^ < 2.15 If the cylinder is describing torsional oscilla-
tions at frequencies close to the Karman vortex shedding fre-
quency, the unsteady separation will, of course, be influenced.
The moving wall effect is strongest in the boundary-layer for-
mation region near the stagnation point and becomes weaker
further downstream due to increasing boundary-layer thick-
ness and increasing velocity at the edge of the boundary layer.
Consequently, the moving wall effect will not differ much for
torsional and translational oscillations.

The moving wall effect on the unsteady flow separation will
be largest when the cylinder oscillates at a frequency such that
the moving wall effect on the "birth" of the boundary layer (at
the stagnation point) has been convected to the separation
point at the time of flow separation. For other frequencies, the
flow separation will be affected by the much weaker moving
wall effect existing away from the stagnation point.
Moving Wall Effect

The Karman vortex shedding on a stationary cylinder gener-
ates a fluctuating velocity component UaoUl sincot, which adds
to the stationary boundary-layer edge velocity U^UQ, accord-
ing to experiments16 (Fig. 9). The velocity ratio, determining
the effect of the moving wall velocity, is Uw/Ue, where

Ue/Uao= Ul sincot (11)

For VJU^ = 1, the experimental results in Fig. 9 for UJU^
define Uw/Ue, as is shown in Fig. 10. In the case of translatory

a. Steady Cylinder

b. Oscillating Cylinder

Fig. 8 Unsteady flow separation on steady and oscillating circular cyKn-
der at/</r0.

U
e/uoo • UQ + Uj sin tut , U. - 50 ft /s, Re = 1.06 x 105

10° 20° 30° 40° 50° 60° 70° 80°

<P

Fig. 9 Peripheral distribution of mean and fluctuating velocity compo-
nents on a circular cylinder at subcritical flow conditions,
Re = 1.06 x 106.16

rather than torsional oscillations, Uw becomes

Uw = z (12)

The time required for convection of the moving wall effect
from the stagnation point (p = 0 to the separation point <p = cps
is

A/ = (psD/2Uc (13)

where Uc is the mean convection velocity. The mean boundary-
layer edge velocity between cp = 0 and cps is given as follows by
potential flow theory:

sin<p dcp = —- (I — coscps) (14)
9s

The phase angle A<£ corresponding to Af, Eq. (13) is,

A0 = 27T/A/ = nSVsKOjUJ (15)

For the maximum response, occurring at A</> = rc/2, Eqs.
(14) and (15) give the following value of the corresponding
Strouhal number Sm:

Uc I l-cos(psUc (16)

For subcritical flow conditions, cps « n/2 and Eq. (16) give

Sm=^W (17)

The results in Fig. 1 give Sm/S^_= 0.83, which, with S^ »
0.2, gives the following value for Uc/Ue from Eq. (17):

Uc/Ue = QAl (18)

The velocities in a Blasius boundary layer at the displace-
ment and momentum thicknesses, d* and 6, respectively, are as
follows:17

Ud*/Ue* 0.565

U0/Ue*Q.22

Comparing Eqs. (18) and (19) gives

(19)

(20)

Fig. 10 Velocity ratio UwIUe as a function of peripheral angle </> for
V. = U^.
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Fig. 11 Computed variation of the moving wall effect KW for Uw\
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Fig. 12 Measured maximum pressure amplitude during vortex lock*

For other frequencies, S ^ Sm, the moving wall effect reach-
ing cps at the time of separation was generated at (p — q>Q ̂  0.
Substituting (p = 0 with cp = q>Q in Eq. (14) gives

<Ps - <PO
sincp dcp

(21)

Combining Eq. (21) with Eq. (15), where for maximum mov-
ing wall effect A0 = n/2, one obtains

Uc Ue Uc - cos<ps

S((ps - (22)

(6-54)

0-2 0-4 0-6 0-8 1-0 1-2 1-4

Fig. 13 Predicted and measured subcritical response to Karman vortex
shedding.

For <p0 small, Eq. (22) can be approximated to give

where F = 5r~1.
At cp = (pQ, the boundary-layer edge velocity is

(23)

(24)

where_ U0 is defined by potential flow theory as U0 = 2 sincp,
and Ul «0.1, according to experiments16 (Fig. 9). For vortex
lock-on, the shedding phenomenon of interest, fv =f^ and Uw
is in phase with Ul sin2nfvt. When q>Q is small and Ul sin2nfvt
dominates in Eq. (24), \Uw\/Ue^\Uw\/Ul._When <p0 is not
small, U0 dominates, and
the relative magnitude \UW

\Ue\ t/^simpo + O.l

with (f>s «7T/2, Eq. (23) gives

IVe «\UW\/U0 . Consequently,
can be estimated as follows:

(25)

(26)

Combining Eqs. (25) and (26), the results shown in Fig. 11
are obtained for the relative magnitude of the moving wall
effect, KW = (l^l/I/eD/dzl/C/oo). Comparing Figs. 1 and 11, it is
obvious that the relative moving wall effect KW gives a good
representation of the variation of the response amplitude with
velocity during vortex lock-on. The next step is, of course, to
try to predict the experimental response.

During lock-on, the vortex shedding is controlled by the
body motion (Sv0 = S0), and the forcing function cj(f) in Eq. (3)
vanishes. That is, the forced oscillation response converts to a
limit cycling phenomenon, with the limit cycle amplitude deter-
mined by f * = 0, where

* = £ „ - - (27)

That is, the linear damping term cl± in Eq. (3) is substituted
by an effective damping term CT±, representing the integrated
nonlinear damping in derivative form. Expanding on Scruton's
analysis,18 one can represent cTi as follows:

(28)

c/f is the damping derivative for the linear case, Eq. (3). It is
generated by the rotation of the drag vector, which gives the
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following lift:

Differentiating Eq. (29) gives

3(z/F)
l+Hz/UJ2

(29)

(30)

where \z\IU ̂  = 2nS0 Az/D.
Combining Eqs. (27) and (30) gives

where c*d = cjl + 2(27iS0 Az/D)2]/[l + (27t50 Az/Z))2p.
The maximum limit cycle amplitude, determined by C* = 0,

is

P/PB (32)

For an initial estimate of (Az/D)max, cJ = cd is used in Eq.
(32). Using this amplitude value, cj is computed for each iter-
ative step until the final converged value of (Az/Z>)max is ob-
tained.

The experimental results obtained by Bearman and Currie19

gave the results shown in Fig. 12. The maximum pressure am-
plitude at q> = 90 deg is ACp w 0.8. Based on the discussion
earlier for the pressure fluctuations on the stationary cylinder,
one expects

(33)

For Furguson's test, with p/pB = 0.0085, f0 = 0.0012, and
50 = Sv0 = 0.198, Eqs. (31-33) give the following final value of
(Az/D)max:

(Az/Z))max = (34)

This upper limit for the lock-on response is in rather good
agreement with the measured response,1 (Az/D)max % 0.30
(Fig. 1). Combining this with the results of Eq. (25) (Fig. 11)
provides a method for prediction of the cylinder response over
the complete reduced velocity domain, V = S~1.

(Az/D)hm = Oc Jmax = 0.32KM,/(Omax (35)

provided that V > ( 1 + e) Fres.
For the near-resonant response at F < (1 + e)Fres, Eqs. (3a),

(3b), and (4) give

i (36)
Combining Eqs. (35) and (36) with the results shown earlier

in Eqs. (10), (25), and (26) gives the prediction shown in Fig.
13 for Furguson's test.1 As can be seen, the agreement between
prediction and experimental results is rather good. Apparently,
the lower bound for the near-resonant response, Eq. (7), ap-
plies. The falloff of the experimental results at V > 1 is due to
the cessation of vortex lock-on (see Fig. 1).

Having the analytical tools, one can now evaluate to what
degree the presence of mechanical damping, £0 = 0.0012, in the
test did affect the measured response (Fig. 14). As can be seen,
the response amplitudes would have been roughly 50% larger
in the absence of mechanical damping. To keep the mechanical
damping down to 0.12% of critical in a wind tunnel test is a
real achievement. However, even in that case, the effect on the
measured response can be large, as is illustrated by Fig. 14.
This demonstrates the difficulties encountered when trying to

EXP. (REF. 1)

EQ. (35)

Fig. 14 Effect of mechanical damping on response amplitude.

Fig. 15 Effect of mechanical damping on response amplitude.

simulate the dynamic response in a wind-tunnel test. In addi-
tion, there are other problems associated with trying to apply
subscale test data to full-scale structures.

Simulation Difficulties
The usual simulation difficulties encountered in subscale dy-

namic tests20'21 will, of course, be present. Based on the experi-
ence with bodies of revolution at high angles of attack,22-23 one
would expect the response characteristics to change dramati-
cally when going through the critical flow regime. Even at high,
transcritical Reynolds numbers, when the slender-body vortex
shedding becomes similar in character to that for subcritical
flow conditions,24 large differences still remain in regard to the
unsteady response to Karman vortices of a two-dimensional
circular cylinder. This is because of the changed convection
velocity, Eq. (20), which is too high at transcritical flow condi-
tions to permit the optimum phasing, which occurs in subcriti-
cal flow.

Conclusions
An analysis of the circular cylinder response to Karman

vortex shedding has given results that can be summarized as
follows:

1) The cylinder response has two distinctly different charac-
teristics, depending on the closeness to the resonant flow condi-
tion. Below and slightly above the resonant velocity, the
cylinder response is of the forced response type. At higher
velocities, coupling occurs between the cylinder motion and the
flow separation (and associated vortex shedding), resulting in
greatly increased response amplitudes.
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2) The coupling in this vortex lock-on region is caused by
so-called moving wall effects. By applying unsteady flow con-
cepts developed earlier for dynamic stall, the response mea-
sured during vortex lock-on at subcritical flow conditions can
be predicted with good accuracy.

3) It is rioted that the dynamic simulation problems existing
in subscale tests are aggravated in the present case due to the
effect of the boundary-layer characteristics on the phasing be-
tween body motion and Karman vortex shedding.
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